In this paper, I consider theoretical models of the decay via photobleaching of a sample of surface-immobilized fluorescent molecules excited by a spatially varying laser intensity profile. I show that, with mild restrictions on the photobleaching mechanism, the fluorescence decay measured in a nonuniform excitation profile is always nonexponential. Under the same conditions, the fluorescence decay can always be approximated by a discrete sum of exponentials. A particular example is given in which a homogeneous population of fluorophores with a single ͑intensity-dependent͒ photobleaching lifetime, when illuminated by a Gaussian laser, exhibits power law fluorescence decay at long times. These results indicate that the observation of multiple exponentials in single molecule or ensemble photobleaching lifetime measurements can arise solely as an artifact of a spatially varying laser profile and is not necessarily indicative of heterogeneity in molecular internal states, conformation, or local environment.
I. INTRODUCTION
Fluorescent dye molecules and site-specific labelling techniques are now routinely used for probing structure and dynamics at the scale of individual biological molecules. 1 However, dye molecules exhibit complex photodynamics including irreversible ''photobleaching'' often in the millisecond-to-second time range that complicate the interpretation of experimental data.
1,2 Understanding photobleaching lifetimes is therefore a problem of fundamental importance for the field of single-molecule fluorescence microscopy. Correspondingly, experimental and theoretical studies of photobleaching of single dye molecules have received much attention in the literature. [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] The seemingly ubiquitous appearance of multiple exponential distributions in measurements of ensemble and single-molecule fluorescence photobleaching lifetimes [2] [3] [4] [5] 8, 10 indicates the difficulty in interpreting such results. These multiple-exponential lifetime distributions often arise as a result of heterogeneity in the molecular population or as a result of a spatially varying laser intensity profile ͑or a combination of both͒. In this paper, I consider some mathematical properties of the latter mechanism. An analytical characterization of the class of completely monotonic functions will be used to derive sufficient conditions for nonexponential statistics in measurements of fluorescence decay from surface immobilized samples using confocal epifluorescence microscopy. The relevance of completely monotonic functions has also been recognized in polymer physics 12, 13 and network analysis. 14 Here, I show that a broad class of models that exhibits a driving intensity-dependent photobleaching rate gives rise to nonexponential decay but exhibits fictitious exponential ''lifetimes'' whenever the sample is illuminated by a Gaussian laser profile. These results indicate that care must be taken in interpreting the appearance of multiple exponential distributions in numerical fits to measured fluorescence decay data. In particular, without restrictions on the laser excitation profile across the observation area, the presence of multiple exponential lifetimes in a fluorescence decay curve is not sufficient for making a determination about the heterogeneity of the molecular population. The paper is organized as follows: Section II contains mathematical results, which characterize a class of models giving rise to nonexponential statistics. These general results are then applied to an example calculation in Sec. III, and some conclusions and possible extensions are presented in Sec. IV.
II. SUFFICIENT CONDITIONS FOR NONEXPONENTIAL DECAY
In this section, I will borrow some ideas from classical functional analysis and, in particular, I will introduce completely monotonic ͑CM͒ functions and their characterization in terms of Laplace transforms. CM functions play an important role in analyzing nonexponential kinetics, and it will be seen that CM functions can always be approximated by discrete sums of exponentials. Here, a curve is considered ''nonexponential'' if it cannot be written as a single exponential, and ''multiexponential'' if it can be written as a convex sum of at least two exponentials with different time constants. Results concerning CM functions and their relation to Laplace transforms are taken from Widder's book. 15 A function f (t) is said to be increasingly (decreasingly) monotonic on the interval ͓0,ϱ͒ if f (t 2 )Ͼ f (t 1 ) ͓ f (t 2 )Ͻ f (t 1 )͔ for all 0рt 1 Ͻt 2 Ͻϱ. A function f (t) is said to be completely monotonic on the interval ͓0,ϱ͒ if it is infinitely differentiable and the following inequality holds for all tϾ0, 
where the integral converges and F (y) is bounded and nondecreasing ͓i.e., F (y) is a measure on ͓0,ϱ͔͒. It follows immediately that a sufficient condition for f (t) to be CM is the representation
where the integral converges and f(y) is non-negative, which can be seen by setting F (y)ϭ͐ 0 y f(yЈ)dyЈ and using Bernstein's theorem. The Laplace representation of Bernstein's theorem shows intuitively that CM functions are the limit of a convex combination of exponentials with time constants 1/y and weights dF (y). One can show that exponentials, stretched exponentials ͓exp(Ϫt a ) with 0ϽaϽ1], and power laws (t Ϫb with bϾ0) are completely monotonic, and also that convex combinations, products, integrals, and derivatives of completely monotonic functions are themselves completely monotonic ͑up to signs and additive constants͒. Thus, while the characterizations ͑1͒ and ͑2͒ may seem restrictive, CM functions represent a quite general class of ''decaying'' curves.
Feldmann and Whitt 14 state that any CM function f (t) can be approximated by a discrete sum of exponentials:
and they give an efficient algorithm for finding the ͑non-negative͒ parameters k and c k . An example given in Sec. III shows that the expansion ͑4͒ can converge surprisingly fast, so that often only a few terms in the expansion are necessary for an excellent approximation.
Having seen that CM functions are intimately connected with both continuous and discrete distributions of exponentials, let us now consider a generalized fluorescence photobleaching experiment and attempt to use the properties of CM functions to find conditions on the photobleaching mechanism and the laser intensity profile that guarantee nonexponential fluorescence decay. Consider a measurement typical of confocal microscopy in an epifluorescence configuration, in which dye molecules are uniformly distributed on a two-dimensional surface and excited by a laser with a cylindrically symmetric intensity profile. Let u(r)у0 be the average fluorescence intensity from a molecule at a distance r from the beam centroid normalized so that u(0)ϭ1. The fluorescence intensity u(r) and the laser excitation profile are assumed to be smoothly and monotonically ͑but not necessarily completely monotonically͒ related so that we do not need to write the laser intensity profile explicitly. This is a very general assumption, which simply states that fluorescence increases smoothly with increasing laser power. Suppose also that the instantaneous rate at which a molecule photobleaches is given by ␥͓u(r)͔у0. An intensity dependent rate is a good model for the photodestruction of dye molecules which are sufficiently photostable that photobleaching lifetimes (10 Ϫ2 -10 Ϫ1 s) are slow compared to other photodynamics such as fluorescence ''blinking'' (10 Ϫ6 -10 Ϫ3 s) and electronic transitions ϳ10 Ϫ9 s). 9 For this separation of time scales, a molecule under fixed excitation has a constant, steady-state probability of photobleaching in any time interval.
With these definitions, the total time-dependent ͑aver-age͒ fluorescence signal (t) is given by an integral over the entire surface
Note that (t) represents the average fluorescence decay from a population of identical molecules whose fluorescence and photobleaching properties are characterized by the functions u(r) and ␥͓u(r)͔. (t) may also represent the probability of a particular photobleaching lifetime measured in single molecule measurements, so that these arguments are not limited to ensemble experiments. It is clear that all functions (t) for which the integral ͑5͒ converges ͑i.e., the total fluorescence signal is finite͒ are CM, since
and the integrand in the above inequality is nonnegative for all n. Therefore, we arrive at the first analytical result of this paper. Result 1. For a surface-immobilized molecular distribution, every photobleaching mechanism that is described by an intensity-dependent rate gives rise to completely monotonic fluorescence decay. This result holds even for discontinuous functions u and ␥.
I will now impose some restrictions on the boundedness, smoothness, and monotonicity of u(r) and ␥͓u(r)͔. First, it is assumed that u(r) is continuous, differentiable, and decreases monotonically to 0 on the interval 0ϽrϽϱ. Similarly, it is assumed that the photobleaching rate ␥͓u(r)͔ is continuous, differentiable ͑with respect to u(r)), bounded, and increases monotonically in the interval 0Ͻu(r)Ͻ1 with ␥͓0͔ϭ0. These are very general requirements that simply state that the laser profile is smooth and localized, and molecules that fluoresce more brightly also photobleach more quickly ͑with a suitably smooth map between these rates͒.
Finally, it is assumed that the spatial extent of the excitation profile is much smaller than the experimental field-of-view so that we need not distinguish between fluorescence and observed fluorescence. This is a typical situation in confocal epifluorescence microscopy. For brevity, if u(r) and ␥͓u(r)͔ each satisfy all of these restrictions, I will say that they are smooth and spatially varying ͑SSV͒. SSV conditions will typically arise in diffraction limited, high-resolution confocal microscopy conditions, unless special precautions are taken to restrict the field-of-view. Total internal reflection spectroscopy, in which an evanescent wave field illuminates a surface distribution over a large area, is a notable situation in which SSV conditions do not apply. Equation ͑5͒ gives a convenient integral decomposition of the decay curve (t). If they are SSV, the monotonicity of u(r) and ␥͓u(r)͔ guarantees the existence of their inverse functions u Ϫ1 and ␥ Ϫ1 so that letting yϭ␥͓u(r)͔ and using the chain rule, we have
The change of variables ͑7͒ then permits us to rewrite (t) in the form of Eq. ͑3͒
where the frequency-weighting function is given by
and (y)ϭ0 elsewhere, with y 0 ϭ␥͓u͑r ͒ϭ1͔. ͑10͒
When it exists, Eq. ͑9͒ is the exact expression for the inverse Laplace transform of Eq. ͑5͒ and by Bernstein's theorem, (y) completely characterizes the CM decay curve (t).
Here, I will note a few properties of (y) that arise from the SSV conditions imposed on ␥ and u. We see by inspection that (y)у0 for all yу0, as required by complete monotonicity ͑recall that ␥ is monotonically increasing while u is monotonically decreasing, so that their derivatives are of opposite sign͒. The numerator in ͑9͒ is never zero for 0Ͻy Ͻy 0 , which can be seen by letting yϭ␥͓u(r)͔ and considering 0ϽrϽϱ. Furthermore, we see that for SSV conditions, the denominator is finite since ␥͓u(r)͔ and u(r) are differentiable. Therefore, (y) given by Eq. ͑9͒ is everywhere nonzero in 0ϽyϽy 0 . Now, consider the case that (t) is exponential. Since the ͑unique͒ inverse Laplace transform of an exponential is a delta function (y)ϰ␦(yϪy ␦ ), which is everywhere zero except at an isolated point of discontinuity yϭy ␦ , we see that if (y) given by Eq. ͑9͒ is SSV ͑i.e., nonzero in 0Ͻy Ͻy 0 ) then (t) cannot be exponential, nor can it be given by any finite sum of exponentials. Therefore, we arrive at the second analytical result of this work.
Result 2. For ''smooth and spatially varying'' conditions, the fluorescence decay measured from a surface-immobilized distribution of molecules is always nonexponential.
Leaving aside the mathematical details, the main point is that, under SSV conditions of smoothness and monotonicity, u(r) and ␥͓u(r)͔ cannot conspire to make (y) given by Eq. ͑9͒ into a delta function, and thus the decay is never exponential.
All models ␥͓u(r)͔ that give photobleaching lifetimes with a nontrivial, analytic dependence on intensity are SSV, which includes all models I am aware of in the literature. In particular, the widely accepted three-level and five-level triplet-mediated photobleaching mechanisms ͑5͒, ͑8͒, and ͑9͒ are examples of SSV models. Furthermore, many experiments are performed with a Gaussian laser profile, so that at large r, u(r) decays as exp( Ϫkr 2 ) with kу0. This statement relies on the fact that saturation effects become negligible in the low-intensity limit, so that the excitation and emission rates are proportional at sufficiently large r. It also holds even for multiple-photon excitation, since products of Gaussians are still Gaussian. It is clear therefore that u(r) derived from a Gaussian excitation profile is SSV. As a particular example of Result 2, I conclude that for measurements on uniform surface-immobilized samples under a very general class of photobleaching mechanisms, when precautions are not taken to restrict the excitation profile, every fluorescence photobleaching decay curve measured with a Gaussian laser exhibits nonexponential decay. I emphasize that the nonexponential character arises solely from the variation in excitation intensity, in which short-time statistics are dominated by brightly illuminated molecules and late-time statistics are dominated by long-lived molecules at the outskirts of the intensity profile. An extension of the present results to the case of a spatially varying collection efficiency (r)р1 or a nonuniform distribution of molecules should be straightforward.
III. EXAMPLE: LINEAR PHOTOBLEACHING RESPONSE
In this section, I apply the general results of Sec. II to the linear photobeaching model ␥͓u(r)͔ϭ␣u(r) with a saturating two-level emitter model of fluorescence. The fluorescence exhibits power-law decay, but the resulting curve is well-approximated by the sum of only three or four exponentials over four orders of magnitude in time. This example is meant to illustrate the appearance of multiple fictitious lifetimes in a measurement performed on a homogeneous population with a single photobleaching parameter ␣.
Dyes at position r are excited from the ground to the first excited electronic state at a rate ⌫ e I(r), where I(r) is the laser intensity in suitable units with I(0)ϭ1, and relax by fluorescence photon emission at the rate ⌫ r . In the excited state, the molecule has a constant probability of photobleaching in any constant time interval. Molecules at position r fluoresce at a ͑normalized͒ rate u(r) given by
where ϭ⌫ e /⌫ r parametrizes the maximum laser intensity. This model is equivalent to an exponential distribution of photobleaching lifetimes ͑at constant laser intensity͒ and also equivalent to an exponential distribution of ''death numbers,'' the number of photons emitted before photodestruction. The parameter ␣ determines the average lifetime ͓1/␣u(r)͔ and average death number (⌫ r /␣) in these equivalent models.
The average fluorescence intensity (t) collected over the entire surface is given by
For a Gaussian beam profile I(r) with waist w, we may substitute into Eq. ͑9͒ to find the frequency decomposition
Taking the Laplace transform of Eq. ͑13͒, we find
where Ei is the exponential integral function. 16 (t) given by Eq. ͑15͒ is a nonexponential distribution which decays as 1/t at long times. From Eq. ͑13͒ it is clear that there is a natural fastest timescale 1/␣ to the decay, but that as y approaches 0, (y) approaches a constant value so that exponentials with arbitrarily long lifetimes are all represented with nonzero weight. Figure 1 shows a log-log plot of the ratio of a multiexponential fit n (t) to the exact form of (t), with ␥ 0 ϭ1 and kϭ2. These parameters are typical of dye molecules driven into the saturation regime. Letting
and fitting the parameters ͕c j , j ͖ using a nonlinear leastsquares fitting routine, we see that, over these four orders of magnitude in time, the fit becomes quite good for nϭ3,4. The relationship between the n exponential lifetimes, which arise from fitting the exact result, and the two free parameters of the model ␣ and is not at all obvious and depends strongly on the time-interval of the fit. In a realistic experimental scenario, the presence of a finite background signal and photon counting statistics may easily dominate the residual fitting error for n larger than about 2 or 3. Thus, the number of exponential lifetimes observed in a sample that exhibits completely monotonic, nonexponential decay can vary solely based on signal-to-noise and fluorescence detection efficiency with no variation in molecular internal states or local environments.
IV. CONCLUSIONS
In this paper, I have used analytical results from the theory of completely monotonic functions to show the existence of nonexponential decay in fluorescence photobleaching measurements in a spatially varying excitation profile. Under these conditions, I have shown that fluorescence decay curves that arise under models exhibiting an analytic intensity-dependent photobleaching rate are nonexponential and are furthermore well-approximated by a discrete sum of exponentials. The appearance and utility of multiple exponential fits to experimental data is therefore not sufficient for determining the heterogeneity of a molecular population unless the laser excitation profile has been restricted so that there is essentially no variation of the laser intensity over the field of view. The results presented here are strictly applicable only to measurements performed on surfaceimmobilized samples, but it seems unlikely to the author that additional complexity due to, for example, free diffusion in solution or concentration-enhanced photobleaching will conspire to mask the essentially nonexponential character of fluorescence photobleaching in a nonuniform excitation profile. However, these questions remain to be analyzed in future work.
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